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We  study  the, nonlinear  Volterra  integrodifferential  equation 

*  s' 

^  +  Bu( t)  +  a*Au(t)  +  ~r  (b*u(t))  3  F(t)  a.e.  on  R+ 
at  at 


u(0 ) 


U0  1 


A,  B  are  nonlinear  operators,  a,  b,  F  are  functions  defined  o^  [0 ,«•) ,  * 
denotes  the  convolution  on  [0,t] ,  and  Uq  is  a  given  element.  Under 
various  assumptions  motivated  by  heat  flow  in  materials  with  memory^  results  on 
existence  of  solutions  are  obtained,  _ol lowed  by  various  results  on  bounded¬ 
ness  and  the  asymptotic  behaviour  of  solutions  ms — t  ♦,  *g>  with  applications 
to  such  heat  flow  problems. 
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SIGNIFICANCE  AND  EXPLANATION 


Consider  nonlinear  heat  flow  in  a  homogeneous  bar  of  unit  length  of  a 
material  with  memory  with  the  ends  of  the  rod  maintained  at  zero  temperature 
and  with  the  history  of  temperature  prescribed  for  time  t  <  0.  For  such 
materials  the  internal  energy  and  heat  flux  are  functionals  (rather  than 
functions)  of  the  temperature  and  of  the  gradient  of  temperature  respectively. 
Under  physically  reasonable  constitutive  assumptions  for  these,  generally 
nonlinear,  functionals  application  of  the  law  of  balance  of  heat  leads  to  a 
nonlinear  Volterra  integrodifferential  equation,  derived  in  Section  6  (see 
equation  (6.4)),  together  with  appropriate  boundary  and  initial  conditions, 
which  model  the  physical  problem.  This  mathematical  model  problem,  which  can¬ 
not  be  solved  explicitly  and  which  is  difficult  to  analyse,  can  be  transformed 
by  standard  methods  to  the  general  nonlinear  integrodifferential  equation 
given  in  the  Abstract.  The  resulting  kernels  a  and  b  can  be  expressed  in 
terms  of  the  internal  energy  and  heat  flux  relaxation  functions  which  are 
presumed  to  be  known  for  the  physical  problem.  The  operators  A  and  B  are 
nonlinear  differential  operators  which  incorporate  the  boundary  conditions, 
and  the  forcing  terra  F  depends  on  the  given  initial  temperature 
distribution,  the  given  external  heat  supply,  and  the  given  history  of 
temperature .  in  previous  studies  it  was  either  assumed  that  the  operators 
A  and  B  are  equal  or  that  the  kernel  b  5  0,  or  both.  The  problem  as 
formulated  in  this  paper  appears  to  model  the  general  physical  situation  more 
accurately,  although  admittedly  the  experimental  evidence  for  theories  of  heat 
flow  in  materials  with  memory  is  rather  sparce. 

Under  physically  reasonable  assumptions  motivated  by  this  physical 
problem  we  establish  existence  of  global  solutions,  followed  by  a  rather 
complete  description  of  the  qualitative  behaviour  of  such  solutions,  including 
boundedness  and  decay  as  t  ♦  mt  the  approach  to  equilibrium  states  (other 
than  zero)  as  t  +  •  is  also  analysed.  These  results  are  obtained  for  the 
abstract  evolution  equation  (using  techniques  of  monotone  operator  theory 
combined  with  energy  methods  and  the  theory  of  Volterra  operators ) ,  and  then 
interpreted  and  applied  to  the  physical  problem.  A  comparison  with  other 
results  in  the  literature  is  also  given. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC ,  and  not  with  the  authors  of  this  report. 


A  NONLINEAR  VOLTERRA  I NTEGRODI FFERENTI AL  EQUATION 
OCCURRING  IN  HEAT  FLOW 

S.-O.  London*1*  and  J.  A.  Nohel*2* 

1 .  introduction  and  Discussion  of  Results*  We  study  the  nonlinear  Volterra 
integrodif ferential  equation 

^  +  Butt)  +  a*Au( t)  +  Cb*u(t))  B  F(t)  a.e.  on  R+ 
dt  dt  (i.i 

u(0)  »  uQ  . 

In  (1.1)  A,  B  are  nonlinear  operators,  a,  b  and  F  are  given  functions 
defined  on  [(),•),  *  denotes  the  convolution  g*h( t)  -  g(t- T)h(  T)dt,  an< 
Uq  is  a  given  element.  Under  various  assumptions,  partly  motivated  by  the 
problem  of  heat  flow  in  a  material  with  "memory"  formulated  and  discussed  in 
Section  6,  existence  results  are  established,  followed  by  L2,  boundedness, 
and  asymptotic  results.  These  are  then  applied  to  the  physical  problem  in 
Section  6.  From  the  abstract  viewpoint  the  present  study  generalizes  the 
theory  developed  in  [8]  for  (1.1)  with  b  5  0  (see  further  coimnents  below); 
the  case  b  %  0  is  the  one  which  arises  naturally  in  the  mathematical  model 
for  heat  flow. 


In  order  to  state  and  discuss  the  existence  results  we  follow  [8]  and 
introduce  the  hypotheses  common  to  Theorem  1  and  2  under  the  heading: 
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General  Assumptions 

Let  H  be  a  real  Hilbert  space  and  W  a  real  reflexive  Banach  space 
satisfying 


DC  HC  W' 


(1.2) 


where  W'  is  the  dual  of  W.  It  is  assumed  that  the  injections  in  (1.2)  are 
continuous  and  dense  and  <w' ,w>  -  (w1 ,w)  for  w'  e  H,  w  e  W  where  <w' ,w> 
is  the  value  of  w'  e  W'  at  w  e  W  and  ( •, •)  is  the  inner  product  of  H. 
We  denote  the  norm  in  H  by  |  *|  and  the  norm  in  W  by  1*1.  Let 
f  :  w  ♦  (-•,«•]  and  +  *  H  ♦  ( -•*,«•]  be  convex,  lower  samicontinuous  (l.s.c.) 
and  proper  functions  and  define 


A  -  3#,  B  -  3# 


(1.3) 


where  3f,  3$  are  the  subdifferentials  of  if  and  $  respectively  (see  e.g. , 
[1]).  Then  A  and  B  are  (possibly  multivalued)  maximal  monotone  operators 
from  w  and  H  to  W'  and  H  respectively.  Define  «  3  ♦  (-•%«•)  by 


♦  <u)  -  lim  inf(IKv)  i  v  e  W  and  |v  -  u|  <  r}  . 
H  r+0 


(1.4) 


is  automatically  l.s.c.  and  i*  convex  since  ♦  is  convex.  is 

the  largest  l.s.c.  function  on  H  satisfying  *  <  on  W.  We  assume  that 

H 


♦  (u)  *  <Ku)  for  u  e  W  . 

H 


(1.5) 


Let  A||  -  3tR;  Ajj  is  maximal  monotone  in  H  and,  in  view  of  (1.5),  has  the 


property 


Au  for  u  e  W  . 


(1.6) 


This  follows  from  the  implication:  u  e  W,  v  e  H  and  <L(z)  >  *  (u)  + 

H  H 

(v,s  -  u)  for  z  6  H  ■■>  (i(z)  >  <Ji(u)  +  <v,z  -  u>  for  z  6  W  when  (1.5) 


holds.  Note  that  if  ♦  :  H  ♦  (-•,•]  defined  by 

-  -  (Ku),  u  e  w 

♦(u) 

=  +  »,  u  e  h\w 


•  *  •  -  -  -  '  - 

r  **  .*  /  V*  v "•  *  ,*  ■,>  'v 

»**  •  "**  .‘*1  .  * 


is  leS.Ce,  then  ♦  and  (1.5)  holds*  Moreover,  t  is  l*s.c.  if 

n 

lim|ul-M.*{U)  *  +  "* 

The  Yosida  approximations  A.  of  A  are  defined  for  X  >  0  by 

A  H 

KXm  X"1(I  "  JX)'  JX  “  (1  +  ^H*”1  f 
see  [1]  for  the  properties  of  A^.  Relating  A  ^  and  B  we  assume  there 

exists  $  e  [0,*»)  such  that 

(w,A^u)  >  -8(|w|2  +  |u|2  +  1)  for  u  e  W,  w  e  Bu,  l€  (0,1]  .  (1,7 

We  will  also  require  the  compactness  assumption 
For  every  K  >  0,  {u  e  H  :  |+(u)|  +  |u|  <  K)  is  precompact  in  W  .  (1.8 

In  particular,  we  assume  D( $)  C  W. 

As  regards  the  kernel  a,  we  will  require  that  the  following  conditions 
are  satisfied. 

Conditions  (a)> 

a(t)  is  locally  absolutely  continuous  on  [0 ,“)  .  (1.9 

For  every  T  >  0  there  is  a  >  0  such  that 

v  e  i.2(o,tih),  d,,d2  e  [o,  — ) 

and 

j!j  (a*v(s),v(s))ds  <  d  +  d  max  |  J®  v(T)dT|,  0  <  t  <  T 

0<s<t  0 


imply 

|/J  v(s)ds|  <  K?(d]/2  +  d2),  0<t<T  ,  (1.10 

and 

|/^  (a*v(s)  ,v(s)  )ds|  <  K<r(d1  +  d22),  0  <t  <T  . 

2 

Note  that  if  v  e  L  (0,Tq>H)  where  Tq  <  T  satisfies  the  assumptions  of 
(1.10)  on  [0,Tq],  then  v  extended  as  0  on  (Tq,T]  satisfies  the  same 
conditions  on  [0,T].  Thus,  without  loss  of  generality,  the  map  T  ♦  1^  can 
be  assumed  nondecreasing. 


For  classes  of  kernels  a  satisfying  Conditions  (a)  see  Proposition  (a) 


and  Theorem  (a)  of  [8].  Finally,  regarding  the  kernel  b  we  assume: 

b(t)  is  locally  absolutely  continuous  on  [0,.**)  •  (1.11) 

This  concludes  the  general  assumptions. 

The  first  existence  result  is: 

Theorem  1 .  Let  the  general  assumptions  (1.2)  -  (1.11)  be  satisfied.  Further 
assume  that  A  «  is  single-valued  and  D(A)  *  W.  Then  for  every 
F  e  W^^U0,*)>H)  and  uQ  e  D(  4)  equation  (1.1)  has  a  solution  u  in  the 
sense: 

U)  u  e  c(  [o,-)iw)  , 

(ii)  —  e  l^oc<  [0,*») f H)  , 

(iii)  F  -  ~  (u  +  b*u)  -  a*Au  e  lJ^UO, •)»!!)  , 

(iv)  F(t)  -  ^  (u(t)  +  b*u(t))  -  a*Au(t)  e  Bu(t)  a.e.  t  >  0  . 

Moreover, 

(v)  /£  Au(s)ds  e  L^oc  ([0,«);H)  . 

In  the  special  case  b  2  0,  which  is  not  excluded  here.  Theorem  1  was 
proved  in  [8] .  The  present  result,  as  well  as  Theorem  2  below,  is  a 
generalization  in  the  spirit  of  the  remarks  in  [8,  p.  717]  in  which  the 
operator  A  in  ( 1 . 1 )  is  replaced  by  A  +  P  where  P  :  H  ♦  H  is  a  Lipschitz 
mapping.  However,  in  the  present  context  the  perturbation  term  —  (b*u)  is 

at 

different  and  requires  a  different  treatment  in  the  proof  which  is  sketched  in 
Section  2.  Primarily  affected  is  the  proof  of  the  analogue  of  Proposition  2.1 
of  [8] .  A  proof  of  a  similar  generalization  was  first  given  by  Mr.  M.  J.  Luo 
as  a  part  of  a  research  seminar  of  the  second  author  at  the  University  of 
Wisconsin  during  1979-80. 


We  remark  as  in  [8 ,  p.  705]  that  by  conclusion  (i)  of  Theorem  1  the  map 

t  ♦  Au<t)  is  continuous  into  the  weak  topology  of  W'  and  a*Au  is  well 

defined  with  values  in  W' .  By  (v)  and  a*Au(t)  ”  a(0)  Au(s)ds  + 

a '*(/£  Au(s)ds),  one  also  has  a*Au  €  r.^oc(*+fH).  However,  under  the 

assumptions  of  Theorem  1  one  cannot  obtain  estimates  on  Au  in  H. 

2 

Under  suitable  additional  assumptions  estimates  on  Au  e  [0,«)»H) 

can  be  obtained.  Then,  as  in  [8],  existence  results  can  be  proved  in  which 

neither  A  nor  B  is  required  to  be  single-valued.  We  give  such  a  result 

under  the  type  of  compatibility  restriction  relating  the  operators  A  and 

B  which  is  used  in  the  boundedness  and  asymptotic  analysis  for  (1.1). 

Theorem  2.  Let  the  general  assumptions  (1.2)  -  (1.11)  be  satisfied  with 

W  »  H  -  W'  (thus  *  ■  ♦,  A  «  A,  etc.).  In  addition,  let 

H  H 

b(0 )  >  0  (1.12) 

and  let  there  exist  constants  Y  >  0#  5  >  0  such  that 

Ylul2  +  (v,w)  -  MS!  | v— u | 2  >  6|v|2  (1.13) 

for  v  e  Au,  w  e  Bu.  Then  for  every  F  e  wj^  ([0,»)|H)  and 
uQ  e  D(t(»)  Cl  D(+)  equation  (1.1)  has  a  solution  u  satisfying  u(0)  *  Ug,  u, 
u'  e  L^<jc(  [(>,•) ;H) ,  and  there  exist  v,  w  €  L^qc(  [0,“);H)  with  v(t)  e  Au(t) 
w  e  Bud)  a.e.  on  0  <  t  <  *•  such  that 

~  +  w(t)  +  a*v(t)  +  ~  (b#u(t))  -  F(t)  a.e.  (0  <  t  <  •)  . 

A  sketch  of  the  proofs  of  Theorems  1  and  2  is  given  in  Section  2.  Assumption 

(1.13)  can  be  replaced  by  the  more  general  assumption  (used  in  [8,  Theorem  2]) 

for  each  r  >  0  these  exists  a  number  k(r)  such  that 

k(r)  (1  +  |w|)  >  | v |  for  v  e  Au,  w  e  Bu,  |u|  <  r  (1.14) 

without  affecting  the  proof  of  Theorem  2.  To  verify  that  (1.13)  implies 

(1.14)  take  k(r)  -  kQ(1  +  r2),  kg  ■  max( 6  \  Y$  \  D  and  consider  the 
cases  | v |  >  1,  |v|  <1  in  (1.13).  We  prefer  using  (1.13)  as  it  arises 


naturally  in  tha  discussion  of  L2,  boundedness  and  asymptotic  results  for 
solutions  of  (1.1)  which  will  be  presented  next.  Concerning  Theorems  1  and  2 
we  note  that  the  question  of  uniqueness  of  solutions  of  (1.1)  remains  open, 
even  in  the  case  b  =  0. 

We  next  turn  to  a  discussion  of  boundedness  and  asymptotics  of 
solutions.  To  simplify  the  exposition  we  assume  in  Theorems  3-6  that  the 
operators  A  and  B  are  single-valued,  and  consequently  replace  the 
inclusion  by  equality  in  (1.1).  in  what  follows  we  denote  locally  absolutely 
continuous  functions  by  LAC. 

Theorem  3  Assume  that  in  (1.1) 


a,  a'  e  L1(R+)  , 

a  is  stronqly  positive  definite  on  R+  . 

(1.15) 

(1.16) 

b  e  LAC(R+),  and  (-1)kb(k,(t)  >0 

4. 

(1.17) 

a.e.  on  R  (k  «  0,1)  , 

F  e  l2(R+,h)  , 

(1.18) 

A  =  a*  where  4  :  H  ♦(-•,•]  is  convex,  l.s.c.  proper  . 

(1.19) 

B  s  D(B) c  H  ♦  H  with  (u,Bu)  >  c|u|2 

for  some  c  >  0,  for  every  u  e  d(b) 

(1.20) 

V  c2|u|2  +  (Au,Bu)  -  |Au-u|2  >  6|au|2 

for  some  li  >  0  and  ,  6  satisf yincr  c  >  c^ .  6  >  o  . 

f  (1.21) 

for  every  u  e  D( A)  n  D(B) . 

Let  u 

be  a  solution  of  (1.1)  satisfyinq 

u  e  LAC(R+,D(A)  A  D(B) ) ;  Au,  Bu  6  L2  (R+,H)  . 

toe 

(1.22) 

Then 

Au  €  L2(R*,H) ,  u  6  L2(R*,H)  A  l"(R+,H)  . 


By  definition  the  condition  (1*16)  is  the  sane  as  the  requirement  that 

a(t)  -  a  exp(-t)  is  positive  definite  on  R+  for  some  a  >  0.  A  consequence 

of  (1*15),  (1.16)  is  that  (see  [19,  Lemma  4.2]  and  [10,  Lemma  3.1])  for  every 

$  e  L^qc(*+,H)  and  for  every  T  >  0 

Jj  |a**(t)|2dt  <  y-1Q(a,*,T)  (1.23) 

where  Q(a,+,T)  -  J?  (♦(t),  a*$(t)  )dt,  and  where  y«  a-1  la  I  + 

°  L7(R  ) 

4 of  la' I  .  It  is  important  to  observe  that  this  constant  y  also 

L7  (R  ) 

appears  in  (1.21).  Assumption  (1.21)  is  formally  the  same  as  assumption 

2 

(1.13)  in  Theorem  2,  but  the  constant  y  is  now  written  in  the  form  yc^.  It 

should  be  noted  that  the  requirement  inf  IKu)  >  -•  is  not  imposed  in  Theorem 

ueH 

3  (compare  [8],  Theorem  4) ;  thus  Theorem  3  is  new,  even  in  the  special  case 
b  =  0. 

The  assumptions  (1.15)  -  (1.21)  of  Theorem  3  do  not  imply  the  existence 
of  solutions  of  (1.1)  satisfying  (1.22).  However,  if  one  also  requires  that 
a*  e  [0 ,") ,  that  B  «  3$,  where  ♦  s  H  ♦  {-",*•]  is  a  convex,  l.s.c., 

and  proper  function,  that  assumptions  (1.7),  (1.8)  are  satisfied,  and  that 
F  6  wJ^(R+,H),  then  Theorem  2  yields  the  existence  of  solutions  u  satisfy¬ 
ing  (1.22).  The  reader  should  note  that  a'  8  BV^^IO,*],  (1.15)  and 

a(0 )  >  0  (which  follows  from  (1.16)),  imply  that  conditions  (a)  of  the 
general  assumptions  are  satisfied  (see  Proposition  (a)  in  [8]).  Theorem  3  is 
proved  in  Section  3. 

In  order  to  state  a  boundedness  result  for  "large”  forcing  terms  F  in 
(1.1)  (i.e.  F  not  necessarily  in  L2(R*,H))  we  denote  by  L2(R+  ,H)  the 
class  of  functions  $  :  R+  ♦  H  such  that  each  t  is  locally  square 
integrable  and  such  that 

sup  fl.  1  *(s)|2ds  <  •  . 

1<t<" 


Theorem  4.  Let  the  assumptions  (1.15)  -  (1.17),  (1-19)  -  (1.22)  of_  Theorem  3 
be  satisfied.  In  addition,  assume  that 

| a(t)  |  <  Kt’V,  |b'(t)|  <  Kt“V  a.e.  on  [1,«) 

(1.24) 

for  some  constants  K,  V  with  v  >  3/2  , 


F  e  L2(R+,H) 

| u |  <  p|Au|,  for  some  p  >  0  and  for  every  u  e  D(A) 


(1.25) 


(1.26) 


Au  e  l2(r+,h) 

OB 

u  6  L  (K  ,H)  . 


(1.27) 


(1.28) 


If,  in  addition,  B  «  3+  where  $  s  H  ♦  (-•,“],  is  convex,  l.a.c.  and 


3 roper,  then 


and  Bu  e  L2(R+  »H)  . 


(1.29) 


Theorem  4  is  proved  in  Section  4. 


The  common  conclusion  of  Theorems  3  and  4  is  u  e  L  (R  ,H).  Comparing 
the  two  results  observe  that  the  assumption  (1.18)  in  Theorem  3  concerning 
F  is  weakened  to  (1.25)  in  Theorem  4.  But  in  order  to  establish  the 
conclusions  of  Theorem  4  the  decay  rates  (1.24)  must  be  added  to  assumptions 
(1.15)  -  (1.17),  and  assumption  (1.26)  is  needed  in  addition  to  (1.21).  In 
the  special  case  b  =  0  and  B  /  A  no  analogue  of  Theorem  4  (also  of  Theorem 
5  and  6)  was  considered  previously. 

Theorem  4  serves  as  a  basis  for  the  following  asymptotic  result. 

Theorem  5.  Let  the  assumptions  of  Theorem  4  be  satisfied,  in  addition 


assume  that  assumption  (1.25)  is  strengthened  to 


lim  /J_1  |F(T)|2dx 


iim  £  |Au(T)|2dT 


(1.32) 


lim  |u(t) |  *  0  . 


t-MP 

Theorem  5  is  proved  in  Section  5. 

He  next  wish  to  consider  the  analogues  of  Theorems  3  and  5  for  equation 

(1.1)  when  ?(•)  j  0,  of  importance  for  the  physical  problem  discussed  in 

Section  6.  To  introduce  the  results  proceed  formally  at  first  assuming  that, 

e.g. ,  the  assumptions  of  Theorem  3  are  satisfied,  except  that  (1.18)  is 

replaced  by  lim  F(t)  *  F(«°)  exists.  In  addition,  suppose  that  b(  ®)  «  o 
t-H* 

and  that  u  is  a  solution  of  (1.1)  such  that  u(  <*)  *  lim  u(t)  exists.  Then 

t+<* 

the  "limit  equation"  associated  with  (1.1)  is 

Bu(»)  +  (jjj*  a(s)ds)Au(*»)  «  F(«)  ,  (1.33) 

where  a(s)ds  >  0  (by  assumption  (1.16)).  A  result  of  Brezis  and  Haraux 
[2]  states  that  equation  (1.33)  has  a  unique  solution  u(«*)  for  every  value 
F(°°)  in  H  (including  0),  provided  the  operators  A  and  B  are  sub¬ 
differentials  (of  proper,  convex  l.s.c.  functions:  H  ♦  (-*•,“>] ) ,  and  provided 
at  least  on-  of  the  operators  is  onto  (this  is  the  case  for  B  satisfying 


(1.20)). 


It  is  easily  seen  that  if  u( «)  is  the  solution  of  the  limit  equation 
(1.33)  and  if  u(t)  satisfies  (1.1)  a.e.  on  R+,  then  u(t)  -  u(«) 
satisfies  the  equation 


~  (u(t)  -  u(«»))  +  Bu(  c)  -  Bu(  •)  +  a*(Au(t)  -  Au(«»))  + 


^  [b*(u(t)  -  u(»))]  ■  g(t)  a.e.  on  R+  , 


(1.34) 


where 


g(t)  ■  f(t)  +  ( a(s)ds)Au( •)  -  b(t)u(») 


(1.35) 


f(t)  -  F(t)  -  F(») 


The  following  analogue  of  Theorem  3  can  b*  proved  by  examining  its  proof  in 
Section  3  step  by  step. 

Theorem  6.  Let  the  assumptions  (1.15)  -  (1.17),  b(«)  =  0,  (1.19)  be 

satisfied.  In  addition,  assume  that 

Bu  ■  d+(u),  ♦  :  H  ♦  (-•,•]  is  convex,  l.s.c.  and  proper  ,  (1.36) 

(i)  f(t)  -  P(t)  -  F( •)  e  L2(R+,H), 

J  +  rO»  2  +  (1*37) 

(ii)  b(t)  e  L  (R  ),  £  a(s)ds  e  L  (R  )  . 

Let  u  be  a  solution  of  (1.1)  satisfying  (1.22),  and  let  u(«»)  be  the 
solution  of  the  limit  equation  (1.33)  such  that  assumptions  (1.20)  and  (1.21) 
hold  with  u,  Au,  Bu  replaced  respectively  by  u  -  u—,  Au  -  Au—,  and 
Bu  -  Buw.  Then 

(au  -  au(-))  e  l2(r+,h),  (u  —  u( *•) )  s  l2(r+,h)  n  l"(r+,h)  . 

It  should  be  observed  that  if  F(«)  -  0,  then  u(«)  *  0  and  Theorem  6 
reduces  to  Theorem  3. 

It  is  also  clear  that  the  boundedness  result  (Theorem  4)  does  not  require 
any  analogue  in  the  present  context. 

The  following  analogue  of  Theorem  5  can  be  proved  by  examining  its  proof 
in  Section  5  step  by  step. 

Theorem  7.  Let  a,  b  satisfy  (1.15)  -  (1.17),  (1.24)  and  (1.37(11)). 

Assume  A  satisfies  (1.19)  and  let  (1.20),  (1.21),  (1.26)  hold  with  u,  Au, 

Bu  replaced  respectively  by  u  -  u(«),  Au  -  Au(»),  Bu  -  Bu(*)  where  u(  •) 


is  the  solution  of  (1.33).  Let  u  be  a  solution  of  (1.1)  satisfying  (1.22) 


d(t)  »  c(t)  ♦  k*c(t),  g(t)  »  G(t)  +  k*G(t)  , 
then  (1.39)  is  equivalent  to  the  nonlinear  Vol terra  equation 

u(t)  +  d*Au(t)  3  g(t)  a.e.  on  R+  .  (1.40) 

This  equation  has  been  studied  extensively  in  the  present  context.  In 
particular,  existence  (and  also  uniqueness)  theory  has  been  developed  by  S.-O. 
Londen  [13],  Crandall  and  Nohel  [9],  Gripenberg  [11],  results  on  boundedness 
and  asymptotic  behaviour  of  solutions  of  (1.40)  have  been  obtained  by  R.  c. 
MacCanty  [15],  S.-O.  Londen  [13],  and  particularly  analogues  of  Theorem  3,  5,  7 
with  applications  to  a  special  case  of  the  heat  flow  problem  discussed  in 
Section  6,  by  Clement,  MacCamy,  and  Nohel  [5].  The  existence,  boundedness, 
and  asymptotic  behaviour  of  positive  solutions  of  (1.40)  (when  the  data  are 
positive)  was  investigated  by  Clement  and  Nohel  [3],  [4].  The  present  study 
can  also  be  regarded  as  a  generalisation  to  (1.1)  of  some  of  these  results 
when  B  A. 
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2.  Proof  of  Theorems  1  and  2.  The  basic  outline  of  the  proof  will  follow 
that  of  Theorems  1  and  2  in  [8]  which  concerns  the  special  case  b  5  0  in 
(1.1)*  Several  of  the  technical  aspects  do  however  differ;  the  latter  will  be 
emphasized. 

Let  A ^  be  the  Yosida  approximations  of  ar  and  consider  the 
regularized  problem  associated  with  (1.1)  (compare  [8,  (2.11)]): 


a  d 

dt”  +  BuA  +  +  a*AXuX  +  dt  {b#uX>  S  P'  X  >  °'  e  >  0 


UA(0)  *  u0  ’ 


(2.1) 


An  easy  application  of  Lemma  2.1  of  [8]  with 

G(u)  »  F  -  GA j\i  -  a*A^u  -  (b*u) 

yields  the  following  analogue  of  Corollary  2.1  of  [8]: 

Proposition  2.1.  Let  the  general  assumptions  (1.2)  -  (1.11)  be  satisfied 


Let  e  >  0,  A  >  0  be  fixed.  Then  for  every  F  e  ;H)  and  uQ  €  D(  $) 

the  initial  value  problem  (2.1)  has  a  unique  solution  u^  on  [(),«•)  in  the 
sense 

duA  2  + 

uA  e  C([0,-);H),  —  e  Ltoc(*  fH) 
u^  e  D(B)  a.  e.  on  R+ 


u^  satisfies  (2.1)  a.e.  on  R 

The  next  step  is  to  obtain  various  a  priori  estimates  for  the  solution 
u^  of  (2.1)  which  permit  first  A  0  for  fixed  c  >  0,  and  then  e  0  in 
(2.1).  For  this  purpose  we  establish  the  following  analogue  of  Proposition 
2.1  of  [8];  it  is  here  where  the  technicalities  of  the  proof  differ. 
Proposition  2.2.  Let  T  >  0,  D  *  3*,  c  *  3Y  where  *,  Y  :  H  ♦  (-•,  are 
convex,  l.s.c.,  and  proper.  Let  o,  0,  cQ  e  [0,»),  T  >  0,  F  e  W1 (0,T;H) , 
uA  e  D(  ♦)  A  D( Y) ,  as  [0, •)  ♦  R,  b  s  [0,«)  ♦  R  be  given  such  that 
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(i)  *(u)  >  -Cg ( |u|+1 ) /  T(u)  >-cQ(|u|+1)  for  u  e  H 

(ii)  (v,w)  >  <*|v|2  -  8(|w|2  +  |u|2  +  1)  for  u  e  H,  v  e  Cu,  w  e  Du 
(ill)  a  satisfies  conditions  (a),  (iv)  b  satisfies  (1.11)  , 


(2.2) 


Then  there  exists  a  constant  C  depending  on  |u0l,  a,  b,  cQf  T,  *(uQ)/ 


T(u  ),  &,  IPl  .  .  (but  not  otherwise  on  ♦,  ¥,  and  not  on  a) 
0  d  "  '  2 

(i)  U,  —  ,  V,  w  e  L  (0,T;H) ,  u(0)  =  uQ 
(ii)  v(t)  e  Cu(t),  w(t)  e  Du(t)  a.e.  on  (0,T) 

(iii)  ~  +  w(t)  +  a*v(t)  +  ^  [b*u(t)J  ■  F(t)  a.e.  on  (0,T) 


such  that  if 


1 


(2.3) 


' J 


then 

(s)|2ds,  |w(s)|2ds,  a  |v(s)|2ds,  |u(t)|  , 

|*(u(t)>|,  |T(u(t))|,  |/J  v(s)ds|)  <  C 
for  0  <  t  <  T. 

Sketch  of  Proof  of  Proposition  2.2.  The  proof  is  similar  to  that  of 
Proposition  2.1  in  [8].  In  particular,  to  obtain  the  analogue  of  the  estimate 
(2.18)  in  [8]  take  the  scalar  product  of  (2.3)  (iii)  with  v,  integrate 
over  [0,t]  and  use  (2.2)  (ii)  to  obtain  (compare  with  (2.14)  in  [8,  p. 


711])s 

f(u(t))  -  T(uQ)  +  o  |v(s)|2ds  +  (a*v(s),v(s))ds  < 


-b(0)  (u(s) ,v(s) )ds  -  (b’*u(s),v(s) )ds  +  J^( F(s),v(s))ds  (2.4) 

+  filf^  |w(s)|2ds  +  |u(s)|2d8  +  1J,  0  <  t  <  T  . 


Define  as  in  [8] 


g  (t)  -  max  | Jf  v(s)ds| 
^  0  <s<t 


Using  assumption  (2.2)  (i)  and  the  estimate  (see  (2.17)  (i)  in  [8]) 


I  (F(s),v(s))ds|  <  c1gv(t) 


in  (2.4)  yields 

a  |v(s)|2ds  +  /£  (a*v(s),v(s)  )ds  <  c0(|u|+1)  +  W«0>  +  c^ft) 

♦  0[1  ♦  |w(s)|2ds  +  Jj  |u(s)|2ds]  +  |b(0 ) |  | £  (v(s) ,u(s) )ds|  (2.5) 

♦  |/^  (v(s),  b'*u(s))ds|  0  <  t  <  T  . 

By  Cj.Cj,..*  we  denote  constants  which  depend  only  on  | uQ | ,  a ,  b ,  cQ ,  T , 
#(uQ),  ♦(uQ)/  0  and  IFI 

W  '  (0,T»H) 

To  estimate  the  last  two  terms  in  (2.5),  integrate  both  by  parts  and 
estimate  to  obtain 

I b( 0 ) |  | (v(s)rU(s) ) ds |  ♦  | ( v( s) ,b'*u( s) )ds |  < 

;  (t)[|b(0)|  |u(t) |  +  |b(0 ) |  £  |u* (s) |ds  +  Ib'l  sup  |u(s)| 

L  (0 ,T)  0<s<t 

+  |u(0>|  Ib'l  4-  Ib'l  £  |u’(s)|ds]  . 

i/^T)  1/(0, T) 

Substitution  of  this  estimate  into  (2.5)  yields  ( compare  with  (2.18)  in  [8]) 
o  |v(s)|2ds  +  (a*v(s),v(s) )ds  < 

c2[1  +  |u(t)|  +  |w(s) |2ds  +  |u(s)|2ds]  (2.6) 

+  c3(1  +  |u(t)|  +  |u' (s) Ids] gy(t)  ,  0  <  t  <  T  . 

The  monotonicity  of  the  maps  t  ♦  lul  m  *  In  lw<8H2ds  +  £  |u(s)|2ds 

L*(0,t|H)  0 

and  t  ♦  lul  m  +  fz  |u' (s)|ds  used  in  conditions  (a)  and  combined  with 

L*(0,t|H) 

(2.6)  yields  (compare  with  (2.19)  in  [8]) 


(; 


g  (t)  <  c  (1  +  lu(t)l  +  St  |w(s)|2ds  +  £  |u(s)|  dm/2 

V  4  L  (0,t,H) 

+  c  (1  +  lu(t)l  m  ♦  £  |u'(s)|ds),  0  <  t  <  T 

5  L  (0,t,H) 

Next,  from  (2.3)  (ill) 

w(t)  -  F(t)  -  u' (t)  -  a*v(t)  -  b(0)u(t)  -  b'*u(t)  , 

and  using  the  known  estimate  (see  (2.17)  (ii)  in  [8]) 

|a*v(t) |  <  c6gv(t)  , 

we  obtain 

|w(t)  |  <  c,[1  +  |u'(t)|  +  g  (t)  +  sup  |u(t)|]  . 

'  V  0<T<t 

Substitution  into  (2.7)  yields  (compare  with  (2.21)  in  [8]  where  the  first 

4% 

term  under  the  integral  should  be  |u' (s)|*) 

g  (t)  <  c  [£  (|u'(a)|2  +  sup  |u(t)|2  ♦  g2(s))ds]/2 
v  8  0  0<T<s  V  ( 

+  c9[  1  +  Jj  |u'(e)|ds],  o  <  t  <  t  . 

Squaring  (2.8)  and  using 

sup  |  u(  t)  | 2  <  ( | u( 0)|  +  £  |  u'  (  t)  dT) 2  , 

0<t<s 

(£  |u'(s)|ds)2  <  t  £  |u‘(s)|2ds 
in  (2.8)  yields  (compare  with  (2.26)  in  [8]) 

g2(t)  <  c10(1  +  £  |u'(s)|2ds  +  £  (gv(s))2ds),  0  <  t  <  T  ,  ( 

The  Gronwall  inequality,  g^O)  -  0,  and  the  raonotonicity  of  the  map 
t  ♦  £  |u'(s)|2ds  used  in  (2.9)  imply  (compare  with  (2.28)  in  [8]) 

g2(t)  <  cn(1  +  £  |u'(s)|2ds),  0  <  t  <  T  .  (2 

We  next  estimate  £  |u' (s)|2ds.  Taking  the  scalar  product  of  (2.3) 
(iii)  with  u'  and  integrating  over  [0,t]  yields 


|u'(s)|2ds  +  *(u(t))  -  *{uQ)  +  (a*v(s) ,u' (s) )ds 

+  b(0)  jj  (u(s) ,u‘ (s) )ds  +  ij  (b,#u(s) ,u' (•) )ds  (2.11) 

<  max  | F( s) |  £  |u'(8)|ds,  0  <t  <T  . 

0<s<t 

Using  (2.2)  (i),  the  known  estimate  for  |a*v(t)|  in  terms  of  gv(t)#  and 
|b(0)  (u(s),u* (s))ds  +  (b'*u(s),u' (s))ds|  < 

J  /J  |u*(s)|2ds  +  |b(0 ) |  |u(s)|2ds  +  £  /J  Iu'(s)|2ds 

+  lb* I2  jj  |u(s)|2ds 
L 

in  (2.11)  gives  (compare  with  (2.23)  in  [8]) 
ij|u'(s)|2ds  <  c12(1  +  (1+gv(t))  jj|u'(s)|ds  +  | u( t ) |  +  Jj|u(s)|2ds)  (2.12) 

The  routine  estimates  |u(t)|  <  |u(0)|  +  |u' (s)|ds,  |u(s)|2ds  < 

K[1  ♦  |u'(s)|ds)2]  used  in  (2.12)  yield 

|u'(s)|2ds  <  cn  +  c14gv(t)  |u'(s)|ds  +  c15<  ft  |u'(s)|ds)2 

<  c13  +  c14lj  g2(t)  +  ^  (Jj  |u* (s))ds)2]  +  C 15(jJ  lu'(s)lds)2 

for  any  n  >  0.  Substitution  of  (2.10)  gives,  for  n  >  0  sufficiently  small, 
the  final  estimate 

ft  |u'(s)|2ds  <  c16  +  °y?(ft  |u*  (s)  |ds)2,  0  <  t  <  T  , 
which  is  the  same  as  (2.29)  in  [8].  The  proof  of  Proposition  2.2  is  concluded 
exactly  as  in  [8],  proof  of  Proposition  2.1. 

The  proof  of  Theorems  1  and  2  is  completed  using  Propositions  2.1  and  2.2 
following  the  procedure  in  [8,  p.  714-717].  In  particular.  Proposition  2.2 
applied  to  solutions  of  (2.1)  yields  the  estimates  (2.31)  of  [8],  with  (2.31) 
(vi)  replaced  by 

ft  I F( s)  -  (u'^s)  +  a*AjU^(s)  (b*u^(s) ) )  |2ds  <  . 
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Keeping  e  >  0  fixed  and  letting  X  +  0  in  (2.1 ),  and  using  the  estimates 
(2.31)  in  [8]  and  the  compactness  assumption  (1.8)  gives  (2.32)  of  [8]  with 
(iv)  replaced  by 

r  -  (ux  +  ttxux  +  a*Ax “x  *  It  lb*“x  "  *»« 

n  n  n  n  n  n 

weakly  in  I>  (0,T|H),  T  >  0.  Then  the  limit  function  u  satisfies  (compare 

c 

with  (2.33)  in  [8]) 

u'  +  w  +  ev  +  a*v  +  ~  (b*u  )  -  F 
c  e  e  e  dt  e 

u',  w  ,  V  e  L?  (K*,H),  w  (t)  e  Bu At),  vjt)  8  X_u  (t)  a.e.  on  R+  . 

£  e  e  tOC  E  £  E  RE 

The  remainder  of  the  proof  is  now  exactly  as  in  [8] .  In  proving  Theorem  2  one 

needs  to  remark,  as  was  already  done  in  (1.14)  section  1,  that  the  present 

assumption  (1.13)  in  Theorem  2  is  a  special  case  of  assumption  (1.12)  in  [8]. 


3.  Proof  of  Theorem  3.  Form  the  inner  product  of  (1.1)  with  u  and 
integrate  over  [0,t]  obtaining 


2 

- 5 —  +  (u,Bu)dT  +  (u,a*Au)dT 

+  Q(u,t;db)  -  (u,F)dT,  t  e  R  , 


(3.1) 


where 

Q(u,t;db)  -  (u,u*db)dt,  u*db  -  b(0)u(t)  +  b* (s)u( t-s)ds  . 
Using  (1.20),  noting  that  by  (1.17)  Q(u,t|db)  >  0  (see  the  identity  (3.7) 


below  with  f^  ■  f2  *  u),  and  writing 

,u,t  *  fit  lu<T>!2dT  » 


(3.1)  implies 


clul*  <  lul  IF  I  +  lul  la*Au I  +  2-1 1 u_ | 2 

t  t  Lz(R+)  t  t  0 


(3.2) 
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By  (1.23)  la*Aul^  <  w  '2  Q^2  (a,Au,t) ,  and  therefore,  from  (3.2) 

y‘1/2fi/2  (a,Au,t)  >  clul  -  IF  I  _  -  (2lul.  f1  |uj2  .  (3.3) 

L2(B) 


Suppose  that 


lim  luL 


(3.4) 


Recalling  (1.18)  and  c  >  cQ  (see  (1.20),  (1.21)),  (3.3)  and  (3.4)  imply 

Q(a,Au,t)  >  c2jilul2,  for  t  e  R+  sufficiently  large  .  (3.5) 

To  obtain  an  upper  bound  for  Q(a,Au,t)  form  the  inner  product  of  (1.1) 
with  Au  and  integrate  over  [0,t].  Using  (1.19)  one  obtains 


♦(u(t))  -  f(u  )  +  £  (Au,Bu)dr  +  Q(a,Au,t) 


+  (Au,u*db)dT  “  (Au,F)dT,  t  e  R+  . 


(3.6) 


To  estimate  the  last  term  on  the  left  side  of  (3.6)  we  use  the  definition  of 
u*db  and  the  identity  (easily  checked  directly  by  differentiating  both  sides) 
b')dx- 

-  \  "  f  2  (  T~s)  1 2b*  ( s)dsdT  +  J  J^b(  x)  |  f  1  (  t)  1 2dx  (3.7) 

+  \  /Jb(t-T)|f2(T)|2dT  -  iJdf^T)!2  +  I  f  2  (  T)  |  2  )dT  , 


2  + 

where  f ^ ,  f2  6  L^qc(R  ,H),  and  where  we  take  f ^  *  Au,  f2  *  u.  Consequently 


(1.17)  and  (3.7)  imply 


/ ^  (Au,u*db)dx  >  -  b2°^  lAu-ul2  . 


(3.8) 


Using  (3.8)  in  (3.6)  yields 


/q  (Au,Bu)dT  +  Q(a,Au,t)  -  |b^°*  lAu-ul2  4 

♦(uQ)  -  +(u(t))  +  lAul^Fl  ,  t  6  R+ 


(3.9) 
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To  establish  the  tern  -  JKu(t))  in  (3.9)  we  argue  as  follows:  Suppose 


x^r  -  * 


(3.10) 


From  (3.10)  and  assumption  (3.4)  there  exist  sequences  t  *  m,  e  *  0  such 

n  n 


l/i  (u(T),a*Au(T))dx|  <  lul  lal  ,  lAul  <  eh*  I*  .  (3.11) 

0  u  t  .  I  #  + .  t  n  z. 

n  L  (R  )  n  n 

Using  (1.20),  (3.11),  and  Q(u,t>db)  >0  in  (3.1)  yields 

2  IV2  IV2 

f'“'t  *  2  *  ,F,t  '“'t  '-S'*  W't2, „♦*'» 

n  n  n  L  (R  ,H)  n 

2  + 

which  implies  sup  lul  <  •  and  u  e  L  (R  ,H)  ,  in  violation  of  (3.4). 

w 

n  n 

Thus  we  may  suppose  that  (3.10)  is  false,  and 


TaoT  <  *  • 

V 

Therefore,  there  exists  a  constant  K,  independent  of  t,  such  that 


Suppose  next  that 


lul  «  KlAul  ,  t  6  K 


(3.12) 


(3.13) 


Using  (3.12)  to  estimate  the  left-hand  side  of  (3.11)  yields 

|/J(u(T),a*Au(x))dT|  <  Kiel  lAul2  . 

L  (R  > 


(3.14) 


Using  (u,Bu)  >  0,  Q(u,t;db)  >  0  and  (3.14)  in  (3.1)  gives 
2  lu  I2 

+  Klal  .  .  lAul2  +  IFI  Uul I  ,  t  e  R+, 

2  2  L  (R  )  *  L2(R  ,H) 

which  violates  (3.13).  Thus  there  exists  a  constant  ,  independent  of 

t,  such  that 


| u( t )  |  <  lAult  ,  t  6  R 


(3.15) 
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Since  by  hypothesis  V  is  bounded  below  by  an  affine  function  there  exist 
constants  K2,  Kj  independent  of  t,  such  that  making  use  of  (3.15)  in  turn 


implies  that 


-  4*(u( t )  <  k2  +  K3lAult  ,  t  e 


(3.16) 


which  is  the  desired  estimate  for  -  ^(u(t)). 

Returning  to  (3.9)  and  using  (1.18),  (1.21),  (3.5),  (3.16)  yields 


filAul*  <  K4  +  Kg  lAulfc  , 


t  e  r 


where  K^,  Kg  are  constants  independent  of  t.  Thus 

sup+  |Au|2dT  <  -  . 


(3.17) 


But  from  (1.15)  and  (3.17)  one  has  a*Au  e  L2(*+,H)»  hence  (1.1)  has  the  form 


+  Bu(t)  +  b(0)u(t)  ♦  b'*u(t)  -  F,(t),  t  e  R+ 
at  * 


(3.18) 


where  F1  -  F  -  a*Au  e  L2(*+,H)  by  (1.18).  Forming  the  inner  product  of 
(3.18)  with  u,  integrating  over  [0 ,t] ,  and  using  (1.20)  yields 


- $—  +  clulf  +  Q(u,t;db)  <  IF,  I  _  lul  ,  t  e  *+  .  (3.19) 

2  2  t  1  a  t 


Since  Q(u,t|db)  >  0,  F1  B  L2(R+,H),  standard  estimates  used  in  (3.19)  imply 

sup+  Jj  |u(T)|2dt  <  -  .  (3.20) 

te* 

Consequently,  the  assumption  (3.4)  is  false  and  (3.20)  holds. 

Using  (1.17)  -  (1.19),  (3.20),  and  Q(a,Au,t)  >  0  (by  the  positive 

definitness  of  a),  in  (3.6)  one  has 

/J  (Au,Bu)dT  <  K6lAult  -  ♦(u(t))  +  K?,  t  e  R+  (3.21) 

where  Kg,  Kj  are  independent  of  t.  But  from  (1.15),  (1.18),  (3.1), 

(3.20),  (u,Bu)  +  Q(u,t,db)  >  0  follows  that  (3.15)  and  hence  (3.16)  hold 

even  if  (3.20)  is  satisfied.  Therefore  by  (3.21) 

Jj  <Au,Bu)dT  <  K  lAu I  +  K_,  t  €  R+  (3.22) 

0  ©to 

for  some  constant  Kg.  From  (1.21),  (3.20)  and  b(0)  >0  follows 
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jj  (Au,Bu)  >  filAul2  -  K9,  t  e  R  , 

for  some  constant  Kg  independent  of  t,  and  this,  together  with  (3.22) 
gives 

sup+  |Au|^dT  <  •  .  < 3 •  23 ] 

tea 

Finally,  returning  to  (3.1)  and  using  (u,Bu)dT  +  Q(u,t*db)  >  0,  (1.15), 

(1.18),  (3.20),  (3.23)  gives  that  u  e  l"(R+,H).  This  completes  the  proof  of 
Theorem  3. 


4.  Proof  of  Theorem  4.  We  require  two  technical  lemmas  for  the  analysis* 
their  proofs  are  given  at  the  end  of  this  section. 

Lemma  4.1.  Let  g  :  [1,-)  ♦R  satisfy 

tVg(t)  e  L*(1,«)  (4.1 

for  some  v  >  3/2.  Define 

ff+T  OR  e 

y2g(TQ)  -  sup  J  J  [  Jo<CkT  «2<t)dT)^]2dx,  Tq  >  2  ,  (4.2 

where  the  sup  is  taken  over  T  e  {T  *  TQ  <  T  <  •}.  Then 

y  e  L*( 2 , •) ,  y  (Tn)  -  0(t!1  V),  T  ♦  *  .  (4.3 

g  g  u  u  u 

Lemma  4.2.  Let  e,  Tq  be  given  positive  numbers  and  let  f  e  L^JR^.R*). 

Assume  that  lim  sup  f(x)dx  “  ".  Then  there  exists  T  >  Tq  and  a 

t-H» 

sequence  tR  ♦  «•  as  n  ♦  “  such  that 

t 

fl_T  f  (  T)dT  <  4%  f(T)dT,  T  <  t  <  tn  , 
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(4.4 


(4.5) 


I 

t  -T  t 

/^-T-T  f(T)dT  <  6  C-T  f<T)dT  * 
n  0  n 

|  The  proof  of  Theorem  4  requires  the  following  preliminaries.  Fix  Tg  >  2 

such  that 

.  c-c  i . 

maX(ya<T0>'  Wb,(Tg)  <  rnin(^  ,  — —  b (2  )  (4.6) 

^  where  a,  b'  are  the  kernels  in  (1.1),  p  is  the  constant  in  (1.26),  c  is 

the  constant  in  (1.20),  cQ,  5  are  the  constants  in  (1.21)  with  c  >  cQ,  and 
fin"1 

where  u  ■  _  ,  y  is  defined  in  (1.23);  this  choice  is  possible  by  (1.24) 

2co 

|  and  Lemma  4.1.  Next  choose  e  e  (0,1]  such  that 

4e(g*p)  <  6  ,  (4.7) 

2e(g+p2to  ^2  )  <  (c-Cjj)^2  (4.8) 

|  where  we  define  g  -  |a|  +  p|b'|»  |a|  -  J  |a(s)|ds,  |b' |  “  /  |b'(s)|ds. 

R  R 

Choose  T  >  0,  and  a  sequence  t  ♦  •  as  n  ♦  •»,  such  that 

|Au|2ds  <  a2,  T  <  t  <  tn,  n  -  1,2,...  ,  (4.9) 

a_  <  ea.  n-  1,2,...  (4.10) 

*>  n 


where  we  define 

a2  -  /tn_T  lAu|2ds,  a2  -  /tn_T_T  lAu|2ds  f  (4.11) 

n  n  0 

These  choices  are  possible  by  Lemma  4.2,  and  because  we  will  assume 

lim  sup  /5_1  |Au|2ds  -  •  (otherwise  conclusion  (1.27)  of  Theorem  4  holds). 
t-**» 

In  the  proof  of  Theorem  4  we  will  consider  the  intervals  In  «• 

[t  -T-1,  t  -T].  For  each  n  take  X  e  I  such  that  |Au( t  )|  <  ea  .  (To 
11  "  n  n  n  n 

see  that  such  t  exist,  note  that  if  not  then  |Au(t)|  >  ea  a.e.  on  I  , 
n  n  a 

and  as  TQ  >  1 

e2a2  <  /  | Au| 2ds  <  a2  <  e2a2  , 

n 

where  the  last  inequality  follows  from  (4.10).)  Define  T  =»  t_  -  t  ,  thus 

n  n  n 

T  <  T  <  T+1  and 
n 
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|Au(t  -T  )|  <  ea  , 
n  n  n 


t  -T  -  -  ~ 

J  “  "T  lAu|2ds  <  e2c ? 
-T-T_  n 

n  0 


f"  „  |Au|2ds  <  (1+e2)  a2 
*  t  “T  n 


(4.12) 


(4.13) 


(4.14) 


Define  the  sequences  of  numbers  8n#  b^,  Yn#  n  “  1#2, 


<  -  c-t  nv  i-i2-  . 

n  n  no 


Y2  -  8UP  J*  |u|2ds  . 

“  T<t<t  tT 
n 


(4.15) 


(4.16) 


Then  using  |u|  <  p|Au|  (assumption  (1.26))  and  (4.9),  (4.10),  (4.14)  as 


well  as  T  >  T,  we  have 
n 


5  <  p(1+e)  a  , 
n  n 


b  <  epa  , 
n  n 


Y_  <  pa 
n  n 


(4.17) 


(4.18) 


(4.19) 


He  begin  the  proof  of  Theorem  4  by  taking  the  inner  product  of  (1.1)  by 
u  and  integrating  over  [tn~Tn,  tnJ  obtaining 

|u(t  )|2  lu(t  -T  )12  t  t 

- Ji - S— 2 - +  J  n  {u,Bu)dT  +  J  _T  (u,a*Au)dt 

*  n  n  n  n 


(4.20) 


+  f  (u,u*db)dT  -  /. n  _  (u,P)dt 


To  estimate  the  terms  in  (4.20)  define  ur  -  Xltn-Tn'  tn]u,  n 
where  x  is  the  characteristic  function.  Then 

t 

/  “  -  (u,u*db)dT  -  Q[u  ,  t  »  db]  +  h  , 


(4.2i ; 


where  we  define 


t  -T 


hn  -  /t"_T  (u(  t)  ,  /Qn  n  b'(T-s),  u(  s)ds)dt 


n  n 


To  estimate  hn  we  first  use  (4.15),  (4.18)  to  obtain 


|f"  <u(t>,  /*“  JL  b'(T-s)u(s)ds)dT|  <  6b  |b(|  <  ep|b'  |  o  6  .  (4.22) 

1 ;t  — T  't  -T-T  n  n  u  n 


t  -T 

n  n  n  0 

Then  observe  that  by  (4.2),  (4.15),  (4.16) 


t  -T-T, 


|  /  “  (u(T),  /  "  °b' ( T-s)u(s)ds)dx| 

v  “1  U 


n  n 


^  00  ^  -kT-T  4 

<  6n(/"  _  [  l  /n  0  |b'(T-s)u(8)|ds]2dx)  /2 

n  n  k— 1  t  -  (k+1 )T-Tft 
n  u 


t  •  t  -kT-T„  _  I,  t  -kT-Tn  _  I,  _  I, 

<  ‘J'C-lkMW-T  ^'C-O^T-T '»«•"  d*'2'  2 

n  n  k-1  n  0  nu 

(4-23) 

f  00  f  “"kT“T  a  s 


b*  A  I  .  .  W 

n  k-1  n 
T+T 

r0“-  k=0 


*  '.Vv1'!1  ‘  |,a»Bnyb'<TOl  ' 


I h  |  <  pa  Bn(e|b'|  +  y.  ,  (T  )) 
n  n  n  d  o 


where  the  last  inequality  follows  from  (4.19).  Thus 

.  (4.24) 

In  order  to  bound  the  term  in  (4.20)  with  the  kernel  a  we  notice  that 
by  (1.23),  (4.15) 

t  t_ 


|/.n_  (u(t),  Au*a(T))dx|  -  |/  n(u  (T),  Au  *a(T))dt+  g  | 
t  -T  on  n  n 


n  n 


-  V>  Vo 

<  6  u  2Q2(a,Au  ,t  )  +  |g„l  , 


(4.25) 


n  n 
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def  t  t  -T 

where  gR  -  J  n  (u(t),  /Q  a(  T-s)Au(s)ds)dT.  To  estimate  gn  we 
n  n 

proceed  as  in  (4.22)  -  (4.24).  This  obviously  yields 

|g  J  <  o  fl  [e|a|  +  y  (T  ))  .  (4.26) 

n  n  n  a  u 

To  complete  the  estimation  of  the  terms  in  (4.20)  we  finally  observe  that  by 
(1.25),  (4.17), 

def  _1  t 

■  sup  On  l /tn_T  (u,F)dt|  <  •  .  (4.27) 

n  n  n 


Now  use  (1.20),  the  fact  that  tn,  db)  >  0  and  (4.21),  (4.24)  -  (4.27) 

in  (4.20)  to  obtain 


<  eg«  •_ 

n  n 


a,Au 

n 


'V 


(4.28) 


+  “nWV  +  +  Klan  +  2“’  * 

The  relation  (4.28)  should  be  viewed  as  providing  a  lower  bound  for 
Qta.Av^.t^ .  Our  next  purpose  is  consequently  to  obtain  an  upper  bound  for 
the  same  quantity. 

Form  the  scalar  product  of  Au  and  (1.1),  then  integrate  over 
[tn-Tn,  tn].  This  gives 


*(u(tn))  -  ♦(u(tn-Tn))  +  Jtn_T  (Au,Bu)dT  +  Jt  _T  (Au,Au*a)dT 


+  /tn_T  (Au,u*db)dT  -  Jt_T  (Au,F) dx 


n  n 


n  n 

t 

r 

n  n 


n  n 


(4.29) 


Concerning  the  terms  in  (4.29)  we  observe  at  first  that  from  (4.9),  (4.13) 
(4.14)  follows  upon  estimating  as  in  (4.21)  -  (4.24) 


Jt  -T  (Au,Au*a)dT  -  Q(a,Aun,tn)  +  Jt  _T  (Au(T>, 


-T-T„ 
n  0 


t  -T-T. 

+  /Qn  a(  T-s)Au(s)ds(dT 


(4.30 


>  Q(a,Au  ,t  )  -  a"[e(1+e)|a|  +  y  (T  )]  . 

n  n  n  a  0 


Then  observe  that 


Jt_T  (Au,u*db)dT  -  b(0)  /Qn(Aun,un)dT  +  /^(Au^u^b* )dT 


t  -T-T, 


+  4%  (Au(  T) ,  4n-T2T  +  /on  °b'<T-s)u(s)ds)dT  >  -  ^  /tn_T  |u-Au|2dT 


n  0 


(4.31 


-  o  [(1+e)b  |b'|  +  tv.,(TJ]  > 
n  n  n  d  o 


“  4”-t  I «-Au 1 2dx  -  o2[pe(l+e)|b‘|  +  pyb,(T0>]  , 


where  the  last  step  uses  (4.18),  (4.19).  Note  that  the  first  inequality  in 
(4.31)  follows  from  (1.17)  and  (3.7).  By  (1.25)  we  have 

def  t 

*2  -  sup  cT1  1 4"-T  (Au'F>dTl  <  *  •  (4.32] 

n  n  n 

Our  last  problem  when  estimating  the  various  terms  in  (4.29)  is  to  bound 

the  difference  f(u(t  ))  -  ^(u(t  -T  )).  Using  (1.26),  (4.12),  (4.21),  (4.32), 

n  n  n 

(u,Bu)  >  0  and  the  fact  that 

t 

sup  o  2  f  n  _  (u,Au*a)dT  <  « 
n  t  -T 
n  n  n 

-2  2  —2 

in  (4.20) 'gives  sup  a  |u(t  )|  <  •  and  so  lim  o  |u(t  )|  -  0.  But  then, 

_  n  n  n  n 

n 


for  sente  e  ♦  0 


♦(U(t  ))  -  *(u(t  -T  ))  >  -K,  -  Kju(t  )|  -  (Au(t  -T  ),  u(t  -T  ) ) 
n  n  n  lin  n  n  n  n 

>  -K  -  e  a2  -  p|Au(t-T)  | 2  >  -K  -  e  a2  -  pe2a2 
inn  nn  inn  n 

and  so,  for  some  constant  ,  if  n  is  sufficiently  large, 

♦<u(t  ))  -  #u(t  -T  ))  > -K,  -  2pe2a2  .  (4.33) 

n  n  n  1  n 

Finally,  inserting  (4.30)  -  (4.33)  into  (4.29)  and  invoking  (4.6),  (4.7)  (also 

recall  that  a  ♦  «•)  one  obtains 
n 

Jtn_T  ( (Au,Bu)  -^1  |u-Au|2]dT+  Q(a,Aun,tn)  <  -|  a2 
n  n 

t  (4.34) 

« |  C-T  lto'2'1T  * 

n  n 

We  now  have  both  a  lower  bound  (4.28)  and  an  upper  bound  (4.34)  for 

Q(a,Aun,tn).  The  lower  bound  does  however  contain  the  term  |u(tn~Tn)|2 

which  must  be  estimated  in  terms  of  a  6  .  This  we  do  in  what  follows. 

n  n 

2  2 

Suppose  for  a  moment  that  0  <  ua  .  Then  by  (4.34),  as  Q(a,Au_,t_)  >  0, 

n  n  n  zi 

and  by  the  definition  of  u, 

/tn_,p  {(Au,Bu)  -  ^21  | u-Au | 2  +  c2u|u|2}dt 
n  n 

<  4”-T  *2  ,Au|2  +  co“«ul2>dT  <  6  C-t  ,Au|2dT  * 

n  n  n  n 

which  violates  (1.21).  Thus 

_  v, 

o  <  b)  2  0  (4.35) 

n  n 

for  n  sufficiently  large.  But  then 

|u(t  -T  )  | 2  <  p2|Au(t  -T  )|2  4  p2  e2  a2  <  p2  e2  a  0  w"  .  (4.36) 

n  n  n  n  n  n  n 

The  estimate  (4.36)  is  now  used  in  (4.28)  to  get 
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.*■»  V 


(4.37) 


«  1 

km 


[u"1Q(a#Attn,tn)]"1/2>  co0n  +  0nI(c-co)  -  uT1/2 

(ec  +  p2e2(D_1/2+  ya(TQ)  +  Wb, (T0)ll  >  cQ0n 

for  n  sufficiently  large  where  the  last  inequality  follows  frost  (4.6), 

(4.8).  Thus 

Q(a,Au  ,t  )  >  MC2^2  .  (4.38) 

n  n  un 

Finally  use  this  lower  bound  for  Q  in  (4.34).  The  result  violates  (1.21) 
and  so  (1.27)  follows. 

By  (1.26),  (1.27)  we  have 

u  e  L2(*+,H)  .  (4.39) 

Then  observe  that  as  a,b*  e  L1(R+)  it  follows  frost  (1.25),  (1.27),  (4.39) 


F1  e  L2(*+  ,H)  , 


(4.40) 


where  F^ (t)  -  F(t)  -  Au*a(t)  -  u*db(t) .  By  (1.1) 

u'(t)  +  Bu(t)  ■  F^(t)  .  (4.41) 

Form  the  scalar  product  of  u  and  (4.41 )t  then  integrate  over  [t^ ,t2i ; 
t.,,t2  e  R+ 1  0  <  tj-t^  <  1.  This  gives 

I u( t_ ) | 2  -  |u(t  )|2  +  2  /  2(u,Bu)dT  -  2  /  2(u,F  )dt 

*i  i 


and  so  by  (4.39),  (4.40)  and  as  (u,Bu)  >  0, 

|u(t2)!2  -  | u( t^ ) | 2  <  K  (4.42) 

for  some  K  >  0  independent  of  t^ ,  t2«  But  (4.39),  (4.42)  give  (1.28). 

Assume  next  that  B  -  3$,  multiply  (4.41)  by  Bu  and  integrate  over 

[t  ,t  ]  where  t  ♦  •  is  such  that 
n  n  n 

t  , 

/^.^Burdt  <  /tn_1  |bu|2 dt,  1  <  t  <  tn  , 

‘n 

(if  no  such  t_  exist  then  (1.29)  follows)  and  where  T  satisfies 
**  n 


(4.43) 


t  e  [t  -2,t  -il ,  u(t  )  e  d(b)  , 
n  n  n  n 


| Bu( T  )|  <  1  +  inf  | Bu(  t)  |  . 

n 


(4.44) 


Here  the  inf  is  taken  over  T  e  {t|t  -2  <  T  <  t  -1#  u( T)  e  0(B)).  Then,  by 

n  n 

(4.40),  (4.43) 

1  2 

♦(u(t  ))  -  *(u(T  ))  ♦  2"  f  |Bu|  dT  <  0  .  (4.45) 

n  n  x 


But  by  (1.28)  and  as  B  •  3+ 


♦(u(t  ))  -  4(u(t  ))  >  -2 lu I  _  .  |Bu(  t  ) |  . 

n  n  n 

L  (B  ,H) 


(4.46) 


Froa  (4.43)  -  (4.46)  follows 


[4lul  ]-1  /  nlBu|2dT  <  |Bu( t  ) |  <  1  ♦  inf  |Bu(  t)  | 

L  (B  ,H)  n 


<  1  +  /t“.2lBu|dt  <  1  ♦  Utn_1  iBu^dtj^ 


frosi  which  the  second  part  of  (1.29)  follows.  To  obtain  the  first  part  one 
also  recalls  (4.40),  (4.41). 

PROOF  OF  LEMMA  4.1. 

By  (4.1)  and  as  x  >  1 

f^.kT  g2(v)dv  <  K(x  ♦  kT)1_2V»  k  -  0,1,2, .  , 

for  some  constant  K.  Therefore 

l  (/^.kT  g2(v)dv}/2  <  K1/2x1/2"V[i  +  (1  ♦  lfa~v  +  (1  ♦  21  fa ”  v+  . 

k-0 

But  x  <  Tq+T  <  2T  and  so  x  *T  >  2  *.  This  together  with  v  >  3/2  yields 

1  <CkT*w?*‘v*-v  . 

k«0 

for  some  constant  K. .  But  then 
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JT  °l  l  </^.kT  g2(v)dv}^2dx  <  K J  £  x1_2vdx  -  o(tJ"2v),  t0  ♦ 
0  k-0  0 


fro*  which  (4.3)  follows. 


PROOF  OF  LEMMA  4.2. 


Lst  H  be  any  integer  >  e  and  take  T_  such  that 


Tc  >  OT0  * 


(4.47) 


Let  t  ♦  •  be  a  sequence  satisfying 


a 

r  m  f  dT  <  /  "  m  f  dT,  T  <  t  <  T  , 
'  t-T  't-T  c  n 

c  n  c 


(4.48) 


and  suppose  the  Lennna  does  not  hold.  Then  in  particular 

* « > .  />_  f « 

n  c  0  n  c 

(at  least  for  some  subsequence  of  {t  }  which  without  loss  of  generality  we 

n 

take  equal  to  {t  })  and  so 
n 


r  -t  -T. 
n  c  0 


% 

f  dT  >  (1  +  C)  /  "  „  fdt  . 
'T-T 


(4.49) 


For  each  n  there  exists  t„  €  [0,t  ]  such  that 

in  n 


Urn  m  *  <*T  <  /.  ^  _  _  f  dC  , 

't— T  — T_  't.  — T  -T„ 


In  c  0 


T  +  T_  <  t  4  T 
c  0  n 


(4.50) 


Clearly  lim  t  -  By  (4.49),  (4.50) 
_  n 


/. 1n  n,  f  dT  >  (1  +  e)  /  n  f  dT  . 
' t_  -T  -T_  T  -T 

In  c  0  n  c 


(4.51) 


Suppose  that 


t.  -T  -T 
r  In  c  0 


J.  f  dT  <  t  /  fdT  . 

Sn'V2To  Jttn-Tc'T0 


(4.52) 


Then,  by  (4.50),  the  choice  T  -  Tc  +  Tq,  tn  -  t1n  would  give  the  Lenma. 


Therefore  (4.52)  cannot  hold  and  so,  using  also  (4.51) 
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t„  t« 

In  .  . . .  r  In 


Jtln-T  -2T  £  dT  >  (1  +  €)  /t,n-T  -T  C  dT  >  <1+6)2  ^-T  f  dT  *  (4*53) 

In  c  0  In  c  0  n  c 

Mow  repeat  the  last  few  arguments.  For  each  n  there  exists  t2n  6  [0,tjn] 

such  that 

J*  „  on,  f  dT  <  2n  m  __  f  dT,  T  +  2Tft  <  t  <  t.  .  (4.54) 

Jt-T  -2T„  Jt.  -T  -2T„  c  0  In 

c  0  2n  c  0 

Observe  again  that  lim  t_  ■  •  and  that  t.  <  t  <  t  .  By  (4.53),  (4.54) 

2n  2n  in  n 

n-M» 


J  2n  ™  ,0,  f  dT  >  (1+e)*  /  "  fdT  . 

■'t.  -T  -2T.  *  T  “T_ 

2n  c  0 


. 2  rTn 


n  c 


Analagously  to  (4.52)  now  suppose  that 


t  -t  -2T- 

L  „c  J*  *< i* « «  L  .  „ 

t2n'V3T0  ‘j."*.-21. 


f  dT  . 


But  the  choice  T  «  Tc  +  2Tfl,  tR  “  t2n  would  now  result  in  the 

,  T 

f  dT  >  (1+er  f  n  „  f  dT  . 
'  T  “T 


.  Hence 


/t2"-T  -3T  £  dT  »  <1+*»  42”-*  -a 

2n  Tc  0  ^2n  c  0 


n  c 

Proceeding  in  this  fashion  yields,  remembering  how  M  was  picked, 

rN_1'n  _  f  dT  >  (1  +  e)N  /  “  f  dT>  2  J  n  fdT 

t„  „  -T  -NT_  T  -T  T_-T_ 


_T  -NT 

N-1,n  c  0 


n  c 


n  c 


where  <  t^.  But  by  (4.47)  and  (4.55) 

f  N-1'n  om  f  dT  >  2  J  n  f  dT 
-2T  '  T  -T 

H-1,n  c  n  c 


(4.55) 


which  by  (4.48)  cannot  possibly  hold.  This  contradiction  gives  the  Lemma. 


5.  Proof  of  Theorem  5.  Define  p  ■  lim  sup  |Au(  t)  1 2dT,  and  assume  that 

t+-  Z~' 

conclusion  (1.31)  does  not  hold;  then  p  >  0.  Recall  the  conclusions 
Au  «  L2(«+,H),  u  e  L-(E+,H)  of  Theorem  4. 

Take  any  n  >  0  such  that 


3(i-n)  >  2(i+n) 


(5.1) 


Choose  sequences  T  t  ♦  •  as  n  ♦  •  such  that 


n 


t  t 

/  “  ^  |Au| 2dT  >  (1-n)  11m  sup  /*  ^  |AuJ 2dt,  lim  /  n  _  |P|2dT 


t  -T 
n  n 


t-M*  t-T 


(5.2) 


n-Mo  t  -2T 
n  n 


Define  9  m  I  *  I  +  P|b'|  (see  definitions  following  (4.8)).  Fix  e>  0  such 
that 

e^g  <  6/4  , 


e^g  <  k1/2  (c-cQ),  k  -  ~ 


(5.3) 

(5.4) 


(where  the  constants  cQ,  c,  6  appear  in  assumptions  (1.20)#  (1.21)),  and 
such  that  there  exists  a  positive  integer  N  satisfying 

e_1  >  H  >  2t  1/>2  . 


We  claim  that  there  exist  sequences  {T  },  {t  }  such  that 

n  On 

T  <  T  <  2T  ,  T  >  •—  T  , 
n  n  n  On  2  n 


/tn.Tn_T  |Au|2dT  <  /2  f  n  |Au|2dT  . 


t  -X 
n  r 

t  -T 

n  n  On  n  _n 

Suppose  the  claim  does  not  hold.  Then  in  particular 


t  -T 


1/_ 


/  “  *  ~  lAu|2dT  >  /2  /  “  _  |Au|2dT  t 


t  -t  -ex 

n  n  n 


t  -T 
n  n 


for  if  not  take  TR  -  XR,  TQn  -  e?n.  From  (5.8)  one  has 

/  "  lAu|2dx  >  (1+^2  )  /  n  |Au|2dT  t 


t  -T  -6T 
n  n  n 


t  -T 
n  n 


however,  the  following  is  also  true  (otherwise  take  X  ■  (1+e)T  , 

n  n 


To»  ■  CTn,! 


t  -T  -eT 
n  n  n 


/  «*  |Au|2dT  >  I  n  ~  ^  |Au|2dT  , 


t  -T  -2 ex 

n  n  n 


t  -x  -er 

n  n  n 


(5.5) 


(5.6) 


(5.7) 


(5.8) 


Consequently  one  also  has 


/  n  _  _  |Au|2dT  >  (1+E1'2  )  /  “  _  ^  |Au|2dT  >  (1  +¥2  )2  /  "  _  |Au|2dT  . 


t  -T  -2  ST 
n  n  n 


t  -T  -  cr 
n  n  n 


t  -T 
n  n 


Proceeding  in  this  fashion  one  arrives  at 


t-T  -(N-1 ) £T 

/  n  J*  _  n|Au|2dT 

t  -T  “NET 
n  n  n 


>  ¥2  I  *  ~  ~  |Au|2dT 

t  -t  -(n-1  )  er 

n  n  n 

(note  that  otherwise  take  Tr  -  Tr  +  (N-1)efn,  TQn  -  CTni  since  by  (5.5) 

Nc  <  1  we  then  have  T  e  [T  ,2T] ,  >r  T  >,  and 

n  n  n  on  z  n 


/  n  ^  |Au| 2dT  >  (nV2  )H  /  ”  ^  |Au|2dt  . 


(5.9) 


t  -T  -NET 
n  n  n 


t  -T 
n  n 


But  by  (5.2),  (5.5),  (5.9) 

2(1+n)lim  sup  |Auj2dT  >  /  "  |Au|2dT  >  /  ™  ^  ^  |Au|2dT 

t+»  t-T  t“2T  t-T-N  er 

n  n  n  n  n  n 

>  (1+E^2  )N  /  n  _  |Au|2dT  >3  /  n  ^  |Au|2dT  >  3(1-n)li«  sup  f  ^  |Au|2dT  , 


t  -T 
n  n 


t  -T 
n  n 


t-M*  t-T 


which  cannot  hold  by  (5.1).  Thus  the  claim  (5.6),  (5.7)  is  established.  It 

2  + 

should  be  noted  that  by  the  above  arguments  and  the  fact  that  Au  e  L— (H  ,H) 

one  may,  without  loss  of  generality,  assume 

sup  | Au(t  -T  )|  <  •  •  (5.10) 

n  n 
n 

I*et  {T  },  {t„  }  be  sequences  satisfying  (5.6),  (5.7),  (5.10)  and  define 
n  On 

numbers  a  ,  a  ,  5  ,  b  by 
n  n  n  n 


<  ■  \  -  4"-Tn-T0  '“'2«  ' 

n  n  n  n  On 


t  -T 

,  2,_  ^2  __  r  n  n 


8 


i2  -  b„  ■  4V-t„  i«i  42 

-  -  n  n  On 


n  n 


(5.11) 


(5.12) 
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Then  by  (5.7) 


a  <  ^  o  . 


n  n 

Next#  take  the  inner  product  of  (1.1)  with  u  and  integrate  over 


(5.13) 


[tn-Tn/  tR]  to  obtain  (4.20).  To  estimate  the  convolution  terms  in  (4.20)  we 


first  use  (5.12)  and  then  (1.26),  (5.13)  to  obtain 
t  -T 


(5.14) 


t  t  -T 

I  /tn_T  (u(t),  /0n  n  b'(t-s)u(s)ds)dT|  <  6nbn|b'|  <  I  . 

n  n 

But  using  the  fact  that  lul  -  {sup  .1|u|2dx}1/2<  -  we  also  have  the 

IT(*  ,H)  t>1 


estimate 


l/tn_T  (u(T),  /Qn  n  0nb'(T-s)u(s)ds)dT| 
n  n 

t  •  t  -kT  -T_  .  i, 

<  V't  -T  (I  /tn-(k+ni,Tn-Tn  |b'(^8)| 
n  n  k-1  n  "  n- 


n  On 


t  •  t  -kT  — T_  „  i, 

n  n  On  .>2.  .Vo 


*  V4n- «  'VC-ihii'-.,  |b,<™>|d‘> 

n  n  k**1  n  n  On 


,  r*”n  b^n  ^0n  .  ..2  .V?  . 2  .Vo 

l>t  -(tc+1  )T  -*.  |U<,)I  asl  1  dt>  2 


n 


n  On 


(5.15) 


<  3. 


n  n 


T.  +T 

>«'  2  +  t/T°"  ”< 

IT(*  , H)  On  k-0 


I  l 


x+(k+1 )T 
r  n, 

Jx+kT 

n 


b,2(5)|dg1/2 


)2dx]V2 


■  o(3  ),  n  • 
n 


J 


where  the  last  inequality  follows  from(4.3),  the  second  part  of  (5.6)  and  from 
the  hypothesis  v  >  3/2  in  (1.24).  To  estimate  the  other  convolution  term  in 


(4.20)  observe  that  (using  (5.11),  (5.12),  (5.13)) 


(5.16) 


t  t  -T  y. 

1/  “  _  (u(T),  /  n  n  a(  T-*)Au(s)ds)dT|  <  c4«  B  |«|  i 
t  — T  t  — T  — T.  n  n 

n  n  n  n  On 

and  that  repeating  the  argument*  in  (5.15)  yields 

t  t  -T  -T- 

l/tn-T  (u(T)'  /0“  n  »(tw*)Au(e)d*)dT|  -  o(Bn),  n  ♦  -  .  (5.17) 

n  n 

From  the  first  part  of  (5.6) ,  the  second  part  of  (5.2),  and  from  (5.12)  one 

has 

t 

|/t”_T  <u,F)dTj  <  o(Bn),  n  ♦  -  .  (5.18) 

n  n 

Returning  to  (4.20)  and  using  assumption  (1.20),  as  well  as  (1.23),  (5.12), 

(5.14)  -  (5.18)  and  the  fact  that  Qtu  ,t  ;db]  >  0  results  in  the  estimate 

n  n 

u"1/2Q/z  (a,Au  ,t  )  >  c$  -  <28  f 1  |u(t  -T  )|2  -  ¥4  a  g  -  t  ,  (5.19) 

nn  n  n  nn  nn 

where  e  ♦  0  as  n  ♦  •. 
n 

Form  the  inner  product  of  (1.1)  by  Au  and  integrate  over  [tn~Tn,  tn] 
to  obtain  (4.29).  To  estimate  the  two  convolution  terms  on  the  left-hand  side 
of  (4.29)  we  argue  as  in  the  preceding  paragraphs  (see  also  the  proof  of 
Theorem  4),  and  we  obtain 


Jtn_T  (Au,a*Au  +  u*db)dT  >  Q(a,Aun,tn) 
n  n 


-  **2^'  Jtn_T  |u-Au|2dx  -  a2g  +  o(  Or) ,  n  ♦  • 


(5.20) 


In  addition 


t 

/.”  _  (F,Au)dT  -  o(u  ),  n  ♦  •  . 
w  n 


Also  observe  that  by  (1.28)  and  (5.10) 

def 

e  -  inf  ($>(u(t  ))  -  Wu(t  -T  )))  >  -•  . 
M  n  n  n 


Making  use  of  (5.20)  -  (5.22)  in  (4.29)  we  obtain,  after  adding 


(5.21) 


(5.22) 
M(co0n)2  to 
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both  sides 


Jtn_T  t (Au,Bu)  -  |u-Au|2  +  yc2|u|2]dT 

n  n  & 

+  Q[a,Au  ,t  ]  <  -e  +  M(c  0  )2  +  a2g  + 


°(  a  )  , 

n 


(5.23 


where  cQ  is  the  constant  in  (1.21). 


Assume  that 


6?  <  Ko2 
n  n 

where  K  is  defined  in  (5.4),  and  also  suppose  that 


(5.24 


lia  a  »  •  . 


(5.25 


But  (5.3),  (5.24),  (5.25)  imply  that  the  right-hand  side  of  (5.23)  is  bounded 
5  2 

above  by  —  a,  where  6  is  the  constant  in  (1.21).  Therefore,  as 
z  n 

Q(a,Au  ,t  )  >  0,  we  arrive  at  a  violation  of  (1.21).  Thus  either  (5.24)  or 
n  n 

(5.25)  is  false.  First,  assume  that  for  some  subsequence 

a  <  K“  /z  $  ,  (5.26) 

n  n 

then  (5.25)  implies 


lim  0  *  •  . 
n+o°  n 


(5.27) 


Using  (5.4),  (5.26),  (5.27)  and  the  fact  that  u  6  L  (R  ,H)  to  estimate  the 


right-hand  side  of  (5.19)  yields  (for  n  sufficiently  large) 

Q(a,Au  ,t  )  >  w(c  0  )2  . 

n  n  u  n 

Now  using  (5.3),  (5.25),  (5.28)  in  (5.23)  again  leads  to  a  violation  of 


(5.28) 


(1.21).  Thus  we  must  have  lim  inf  a  <  <*,  and,  without  loss  of  generality, 

n-n»  n 

we  let 


sup  a  < 
n 
n 


(5.29) 


Therefore,  also  by  (5.24), 
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By  (5.29)  we  may  obviously  strengthen  (5.10)  to 


lim  | Au( t  -T  ) | 
n  n 


lim  |u(t  -T  ) | 
n  n 

n-H» 


(5.31) 


Thus  e  >  0  in  (5.22). 

To  complete  the  proof  use  e  >0  in  (5.23),  and  recall  that 

Q(a,Au  ,t  )  >0.  By  (1.21),  (5.3)  this  gives 
n  n 


-i  JS 


(c„e_r 


n  3  6  0  n 

But  the  assumption  p  >  0,  together  with  (5.2),  (5.32)  implies 

inf  0  >  0  . 

n 


(5.32) 


(5.33) 


n 

If  (5.4),  (5.31),  (5.32),  (5.33)  are  used  in  (5.19),  one  again  obtains 
(5.28).  Substituting  (5.28)  in  (5.23),  and  using  (5.3),  e  >  0,  one  obtains 
a  contradiction  of  (1.21).  We  thus  conclude  that  the  assumption  p  >  0  is 
false  which  yields  the  desired  conclusion  (1.31)  of  Theorem  5. 

To  prove  conclusion  (1.32)  we  begin  by  defining  =•  F  -  a*Au  -  u*db. 

By  assumptions  (1.15),  (1.26),  (1.30)  and  by  conclusion  (1.31)  one  has 

lim  J^1  |ri(T)|2dT-0  .  (5.34) 


Next  form  the  inner  product  of  (1*1)  with  u  and  integrate  over  the  interval 

(t-T^ , t] ,  | |  <  1,  to  obtain  (using  (1.20),  (1.28),  (5.34)) 

lim  sup  (|u(t)|2  -  |u(t-T  ) |2)  *  0  .  (5.351 

t-M*  |T1 1<1  1 

Finally,  combining  assumption  (1.26),  conclusion  (1.31),  and  (5.35)  yields 
conclusion  (1.32)  which  completes  the  proof  of  Theorem  5. 


6.  Application  to  Nonlinear  Heat  Flow  in  Materials  with  Memory.  We  begin 
with  a  formulation  of  the  mathematical  model  based  on  the  consideration  of 
energy  balance  for  heat  transfer  in  a  body  B  in  r”  (n  *  1,2,3);  for 


simplicity  we  restrict  ourselves  to  the  case  n  *  1  and  only  comment  on  the 
more  general  situation.  If  e(t,x)  represents  the  internal  energy,  q(t,x) 
the  heat  flux,  and  h(t,x)  the  external  heat  supply  at  time  t  and  position 
x  6  B,  the  energy  balance  states  that 

■  -div  q+h  (t  >  0,  x  6  B)  . 

Consider  nonlinear  heat  flow  in  a  homogeneous  bar  of  unit  length  of  a 
material  of  "fading  memory"  type  with  the  temperature  u  -  u(t,x)  maintained 
at  zero  at  the  ends  x  *  0  and  x  ■  1.  According  to  the  theory  for  such 
materials  developed  by  Coleman,  Gurtin,  Noll,  Pipkin,  MacCamy  and  Nunziato 
(see  e.g. ,  Coleman  and  Gurtin  [6],  Coleman  and  Mizel  [7],  Gurtin  and  Pipkin 
[12],  MacCamy  (14),  (15),  Nunziato  [18]  -  also  Nohel  [16]  for  a  recent 
sunmary)  we  assume  that  the  history  of  temperature  v(t,x)  is  prescribed  for 
t  <  0  and  0  <  x  <  1  with  v(t,0)  «■  v(t,1)  5  0,  t  <  0,  and  we  assume  that 
the  internal  energy  e  and  the  heat  flux  q  are  functionals  (rather  than 
functions  for  heat  flow  in  ordinary  materials)  respectively  of  the 
temperature  u  and  of  the  gradient  of  u.  A  reasonable  realization  of  these 
functionals  is 

e(t,x)  -  eQ  +  bgU  +  £m  b(t-t)u(  x,x)dx  ,  (6.1) 

q(t,x)  -  _X(ux)  -  ^  a(t-T)o(ux(T,x))di  ,  (6.2) 

where  -•  <  t  <  •,  0  <  x  <  1.  We  assume  u(t,x)  -  v(t,x)  is  the  prescribed 
history  of  the  temperature  for  tC0,0<x<1,  and  that  u  satisfies 
prescribed  boundary  conditions  at  x  -  0  and  x  *  1  for  -«*  <  t  <  «•»  in 
(6.1),  (6.2)  e0  >  0,  bQ  >  0  are  given  constants,  a,b  i  [0,»)  ♦  R  are 
given,  sufficiently  smooth  functions,  x»  ®  *  R  ♦  R  are  assigned, 
nondecreasing  sufficiently  smooth  constitutive  functions  normalized  so  that 

X(0)  -  o(0)  -  0. 
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in  the  physical  Literature  (see  e.g.,  Nunziato  [18])  it  is  customary  to 
define 

3(t)  -  b0  +  /J  »>(T)dT,  *(t)  -  aQ  +  /J  a(T)dt 
as  the  internal  energy  and  heat  flux  relaxation  functions  respectively;  thus 
b(t)  ■  0'(t),  a(t)  *  K'(t).  It  is  then  argued,  partly  on  physical  grounds, 
that  the  equilibrium  heat  capacity  $(•)  >  0(0)  -  bQ  >  0,  and  that  k(0)  and 
k( «•)  are  positive;  is  also  usually  assumed  that 

m  -8t  n  -at 

b(t)  -  [be*,  a(t)  -  l  a  e  ,  (6.3) 

k-1  k-1 


b^,  fi^,  a^,  sty  >  0.  As  will  be  seen  the  specific  forms  (6.3)  are  not  needed 
for  the  applications  of  the  mathematical  theory. 

Letting  h  :  R  x  [0,1]  ♦  R  denote  the  external  heat  supply,  and  using 
energy  balance  (e^  -  -div  q  +  h) ,  where  e,  q  are  given  by  (6.1),  (6.2), 
shows  that  the  temperature  u  is  governed  by  the  nonlinear  Volterra  history- 
value  problem; 

boJ?+it  <£-  Wt-T)u(T,x)dT)  -  X(ux)x 

(6.4) 

+  £m  a(t-T)0(u  (t,x))  dt  +  h(t,x) 


for  -•  <  t  <  •,  0  <  x  <  1,  where 

u(t,x)  ■  v(t,x),  -•  <  t  <  0,  0  <  x  <  1  ,  (6.5) 
where  it  is  assumed  that  the  history  function  v  satisfies  equation  (6.4)  in 
some  precise  sense  for  t  <  0.  If  the  ends  of  the  rod  are  maintained  at  zero 
temperature,  we  adjoin  to  (6.4),  (6.5)  the  boundary  conditions 

u(t,0)  ■  u(t,1)  a  0,  -*  <  t  <  ■  .  (6.6) 
To  study  the  evolution  of  the  temperature  in  the  rod  for  t  >  0  means  to  find 
a  global  extension  of  the  history  v  such  that  (6.4)  -  (6.6)  are  satisfied 
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under  physically  reasonable  assumptions* 

Upon  setting 

F(t,x)  -  h(t,x)  +  a(t-T)  0(vx(  r,x)  )xdT 

(6.7) 

-  J^m  b' (t-T)v(  T,x)dT  (0  <  t  <  «*,  0  <  x  <  1) 

uQ(x)  -  v(0,x),  0  <  x  <  1  ,  (6.8) 

the  history- value  problem  (6.4)  -  (6.6)  reduces  to  the  boundary- initial  value 
problem 

b0  "It  +  It  <b#ul  "  x(uxJx  +  a*0<ttx>x  +F<0<t<*»0<x<1>  »  (6.9) 

u(0,x)  »  uQ(x)  •  0  <  x  <  1  (6.10) 

u(t,0)  -  u(t,1)  SO  ,  0  <  t  <  •  .  (6.11) 

He  shall  next  apply  the  abstract  global  existence/  boundedness  and 
asymptotic  results  (Theorems  2-7)  to  the  model  problem  (6.9)  -  (6.11). 

Without  loss  of  generality  we  take  the  constant  bQ  »  1  in  (6.9). 

Remark  6.1  While  we  will  restrict  the  details  to  one  space  dimension/  we 
comment  on  the  situation  in  two  or  three  dimensions.  Let  Q  be  a  bounded 
domain  in  R°  (for  heat  flow  n  m  2  or  3)  with  smooth  boundary  T  and 
let  u(t,x)  denote  the  temperature  at  time  t  and  x  6  8.  in  the 
formulation  the  internal  energy  functional  e  remains  unchanged;  the  heat 
flux  functional  q  (6.2)  (now  a  vector  in  r”)  becomes 

q(t,x)  -  -A(|Vu|)Vu  -  T)  v<  |  T,x)  | )  T,x)ciT  (6.2n) 

where  A,  v  »  r+  +  R  are  given  smooth  functions  normalized  so  that 
A(0)  >  0,  v(0)  >  0/  Vu  is  the  gradient  of  u,  |  *|  denotes  the  Euclidean  norm 
in  tP /  and  the  relaxation  function  a  is  as  before.  Applying  the  energy 
balance  to  (6.1),  (6.2n)  and  proceding  as  before,  the  mathematical  model  for 
heat  flow  for  n  >  1  corresponding  to  (6.9)  -  (6.11)  becomes 


(b*u)  -  7«[X(|7u|)7u]  +  a*(7*tv(|7u|u)7u) 


+  p  (o  <  t  <  •,  x  e  0) 


(6.9n) 


u(o,x)  -  Uq ( x) »  x  e  n 
u(t,x)  -  o,  x  e  r  ,  o  <  t  <  •  . 


(6. 10n) 


(6. 1 1n) 


The  next  step  is  to  show  that  the  problem  (6.9)  -  (6.11)  can  be  written 
in  the  abstract  form  (1.1)  and  then  apply  the  abstract  theory.  For  this 
purpose  assume  that  the  constitutive  functions  x,  o  satisfy  the  assumptions: 


X.0  6  C  (R),  x<0>  -  0(0)  -  0  i 
there  exist  constants  0  >  0,  M  >  0  such  that 


(6.12) 


0  <  o' (5)  <  Xx*(C)  <  M  <  «,  C  e  R  i 
there  exist  constants  c1  >  0,  c2  >  0  such  that 

«X<5>  ><^5*,  CoU)  >  c^,  (ei  . 
Define  the  functions  C,  Z  t  R  ♦  R  by 

C(r)  -  jjj  X<C>aC,  E(r)  -  oUJdC,  r  e  R  , 
and  the  functions  *,  *  :  L2(0,1)  ♦  (-«•,»]  by 


(6.13) 


(6.14) 


(6.15) 


Jq  C<f*)dx  if  u  e  ni(0fi) 


otherwise  , 


/g  if  u  6  hJ(O.I) 


otherwise  . 


(6.16) 


(6.17) 


It  is  clear  that  by  (6.14) 

C1  2  C2  2 
C(r)  >  —  r  ,  E(r)  >  —  t  ,  r  e  R 

and  +,  1 1  are  well  defined,  proper,  and  convex  by  (6.13)  and  l.s.c.  by 
(6.18).  Moreover,  it  is  standard  that 


(6.18) 


3*<u)  "  “  h  X<S>'  «  «  DO*)  -  {u  e  h^(o,d>  ~  x<$:)  e  l2(o,d)  ,  (6.19) 


3*(u) 


(6.20) 


-  -  ~  oi~)t  u  e  do*)  -  {u  e  hJ(o.Di  ^  x<|*>  «  l2(o,d}  . 

Thus  the  heat  flow  problem  (6.9)  -  (6.11)  la  of  the  abstract  form  (1.1)  on  the 
Hilbert  space  H  «■  W  ■  W*  =  l2(0,1)  provided  we  take  Au,  Bu  as  respectively 
3*(u) ,  3*(u). 

Remark  6.2.  For  the  multidimensional  problem  (6.9n)  -  (6.1 1n)  formulated  in 
Remark  6.1  assume  that  the  constitutive  functions  1,  v  satisfy 

1(0}  >  0 ,  there  exists  pQ  >  0  such  that  1(C)  >  pQ  and 
Cl'(C)  +  KC)  >  pQ  (C  e  R)  , 
and  similarly  for  v.  Lett  in?  H  -  L2(fl)  and  defining 

/qA<  |  Vu|  )dx  if  u  e  Hp(ft) 

♦(u)  ■ 

+•  otherwise  , 


where  A(r)  -  J*  CMOdC,  r  e  R,  we  find  (see  e.g .,  [16,  Remark  2.4]) 

Bu  -  3*(u)  -  -?•(  K  l  Vhl ) )  where 
DO*)  -  {u  e  hJ(Q)  :  7»(  1(  |  Vh| ) )  e  L2(fl)>  t 
the  operator  A  is  defined  in  the  same  way  using  the  primitive  of  u.  Thus 
the  problem  (6.9n)  -  (6.11 n)  is  also  of  the  abstract  form  (1.1). 

It  will  be  shown  next  how  to  apply  Theorem  2  to  deduce  existence  of 
solutions  of  the  model  problem  (6.9)  -  (6.11)  using  assumptions  (6.12)  - 
(6.14).  For  this  purpose  we  first  check  the  General  Assumptions.  The 
conditions  (1.2)  -  (1*6)  are  satisfied  with  the  above  choice  of  W,  H,  *  and 
*.  To  check  that  condition  (1.7)  is  satisfied  observe  that 


-  /:(*■<£>  4)2a«  /><£>  -  h  i»«i2 


(6.21) 


where  we  have  used  (6.13).  Since  |A^u|  <  I Au f  r  1  >  0,  (recall  that  A  and 
also  B  are  assumed  single- valued) , 


|  (Bu,A^u) |  <  |Bu|  | A ^u|  <  |bu|  |Au|  , 
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and  this,  together  with  (6.21)  implies 


(Bu,A^u)  >  -0|Bu|2 

which  is  of  the  form  (1.7),  where  0  is  the  constant  in  (6.13). 

Remark  6.3.  In  Example  2  of  [8]  which  is  also  a  special  case  of  (1.1)  with 
b  S  0  the  condition  (1.7)  was  shown  to  hold  with  0*0.  Although  B  was 
then  linear  the  demonstration  of  this  was  far  from  trivial.  The  above 
consideration  does  however  show  that  provided  we  satisfy  ourselves  with 
0  >  0  (which  is  permitted  in  (1.7))  then  the  verification  of  (1.7)  is  almost 
trivial  even  if  B  is  nonlinear.  In  fact,  it  is  not  obvious  to  us  how  (1.7) 
with  0*0  could  be  verified  in  the  case  when  both  A  and  B  are 
nonlinear. 

The  compactness  condition  (1.8)  is  clearly  satisfied  in  L  (0,1)  by 

(6.16),  (6.18),  from  which  it  follows  that  |  $(u)  |  bounded  implies  |^|  _ 

dx  l2 

bounded. 

To  see  that  the  condition  (1.13)  is  satisfied  under  our  assumptions 
observe  that  (6.13)  implies 


(Au,Bu)  * 


(6.21) 


Also 

b(0) (Au,u)  >  b(0)c2*2|u|2  ,  (6.22) 

by  using  integration  by  parts,  (6.14),  and  the  Poincare  inequality.  A  routine 
calculation  now  shows  that  (1.13)  is  satisfied  with  v  *  Au,  w  ■  Bu  if 
b(0)  <  2  "1. 

If  all  the  above  assumptions  are  satisfied,  if  the  kernel  a  satisfies 
conditions  (a),  if  the  kernel  b  satisfies  assumption  (1.11)  (which  is  the 


case  for  tha  special  case  of  a,  b  in  (6.3)  -  see  Proposition  a  in  [8],  also 
in  more  general  cases  than  (6.3)),  if  b(0)  >  0,  and  if  !  (  W^^(»*,H), 
uQ  e  D(+)  (1  D(<>),  then  according  to  Theorem  2  the  problesi  (6.9)  -  (6.11)  has 
a  solution  u  satisfying  the  conclusions  of  Theorem  2  with  v  ”  Au,  w  -  Bu. 

No  claim  is  made  that  this  solution  is  unique. 

To  verify  the  applicability  of  Theorem  3  to  the  physical  problesi  we 
observe  first  that  (1.20)  is  satisfied  with  c  ■  c^ by  (6.14).  Prom 
(6.21),  (6.22)  now  follows  that  (1.21)  is  satisfied  if 
(i)  ut^ir2)2  -  +  b(0)c2«2  >  0  . 

and 

(ii)  b(0)  <  2B_1 

hold.  Concerning  the  condition  (i)  we  note  that  if  c2*^  >  j  then,  as 

b(0)  >  0,  it  is  trivially  satisfied.  If  c^ w2  <  —  then  (i)  requires  |i  to 

be  sufficiently  large  compared  to  b(0). 

Then  under  the  above  conditions,  the  conclusions  of  Theorem  3  hold  for 

solutions  of  (6.9)  -  (6.11),  provided  the  kernels  a,  b  satisfy  (1.15)  - 

(1.17)  (trivially  true  for  the  special  kernels  (6.3),  but  also  true  for  large 

2  + 

classes  of  other  kernels),  and  provided  P  6  L  (ft  ,H). 

To  check  the  hypotheses  and  applicability  of  Theorem  4  to  (6.9)  -  (6.11) 
we  note  that  (1.24)  is  trivially  satisfied  for  the  special  kernels  (6.3),  but 
is  also  true  for  many  other  kernels  also  satisfying  (1.15)  -  (1.17).  Thus  one 
only  has  to  check  (1.26).  For  this  purpose  we  add  the  hypothesis 

o' (O  >  G  >  0  for  some  £  >  0,  (  8  R  (6.23) 

to  (6.13);  then 


By  an  easy  variant  of  Lemma  A. 2  in  [17}  (here  u  satisfies  zero  boundary 


conditions  at  x  *  0,  1  instead  of  periodic  boundary  conditions;  the  mean 
value  of  u  «  0  in  [17]  is  not  used  -  instead  use  the  Poincare  inequality) 
one  concludes 


2 

/■I  d  u  .  .  „  fl  ,du,2.  .  _  2  2,  .  . 

/0  — -  dx  >  2  /  (~)  dx  >  2x  J0  u  (x)dx 

dx 


Thus  |Au|  >  /l  ex  | u |  if  (6.23)  holds,  and  (1.26)  is  satisfied  with 

p  ■  (/2  ex)  1 !  Thus  under  all  of  our  assumptions  the  conclusions  of  Theorem  4 

hold  for  solutions  of  (6.9)  -  (6.11)  if  one  takes  F  e  L^(R+,H)  in  (6.9). 

For  the  application  of  Theorem  5  we  only  require  that  F  in  (6.9) 

satisfy  the  weak  hypothesis  (1.30). 

For  the  application  of  Theorems  6  and  7  to  the  problem  (6.9)  -  (6.11) 

define  F(*>)  *  F(x)  -  lim  F(t,x)  in  (6.9);  we  remark  that  for  the  special 

t-Mi 

case  of  F  defined  by  (6.7)  arising  from  the  history- value  problem  (6.4). 


(6.5) 


F(“)  ■  h(x)  *  lim  h(t,x)  , 

t-Mi 

under  our  assumptions  concerning  the  kernels  a  and  b,  where  h(t,x) 

represents  external  heat  supply.  Since  assumption  (6.14)  implies  that  both  of 

the  single-valued  operators  A.  B  defined  by  (6.19)  and  (6.20)  are  coercive 

and  since  a(t)dt  >  0.  the  limit  equation  (1.33)  has  a  unique  solution 
—  2 

u(»),  provided  F(x)  e  L  (0,1).  To  apply  Theorem  6  we  only  impose 
assumptions  (1.37);  these  are  trivial  for  the  special  cases  of  a,  b  in  (6.3) 
(but  satisfied  for  more  general  kernels).  The  application  of  Theorem  7  is 
equally  routine.  This  completes  our  discussion. 

Remark  6.4.  It  is  clear  from  the  above  analysis  of  the  model  problem  (6.9)  - 
(6.11),  that  a  similar  application  of  the  general  theory  can  be  made  to  the 
multidimensional  problem  (6.9n)  -  (6.11n)  described  in  Remarks  6.1,  6.2. 
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global  existence,  boundedness,  asymptotic  behaviour,  limit  equation,  heat 
flow,  materials  with  memory. 


20.  ABSTRACT  (Continue  on  tavotaa  aide  II  naeaaaary  and  Identity  by  black  number) 

We  study  the  nonlinear  Vol terra  integrodifferential  equation 

~+  Butt)  +  a*Au(t)  +  77-  (b*u(t))  3  F(t)  a.e.  on  IR+ 
flt  at 

u(0)  -  u„  } 


A,  B  are  nonlinear  operators,  a,  b,  F  are  functions  defined  on  [0,°°),  * 
denotes  the  convolution  on I0,t],  and  uA  is  a  given  element.  Under 
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ABSTRACT  (continued) 


various  assumptions  motivated  by  heat  flow  in  materials  with  memory  results  on 
existence  of  solutions  are  obtained,  followed  by  various  results  on  bounded¬ 
ness  and  the  asymptotic  behaviour  of  solutions  as  t  -*■  ®,  with  applications 
to  such  heat  flow  problems. 


